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We discuss short-distance constraints for the hadronic light-by-light tensor via introducing a
different viewpoint that gravitates around the anomaly constraints and emphasizes the transverse
contributions to the aforementioned tensor so far ignored. While we do not propose a full solution to
the problem, our standpoint shall be of general interest. As a particular realization of our viewpoint,
our scheme splits the axial-vector meson exchanges into a model-independent pole-part and a contact
contribution (a subtraction in the dispersive language), that is linked to fulfilling the anomaly (for
which transverse degrees of freedom are needed) and might require a model estimate.
I. INTRODUCTION
In this work, we review short-distance constraints
for the hadronic light-by-light (HLbL) tensor, an ob-
ject that plays a key role towards a precise determina-
tion of the anomalous magnetic moment of the muon,
aµ ≡ (gµ − 2)/2 [1]. This observable is extremely inter-
esting as it has consolidated our understanding of the
Standard Model (SM) of particle physics at the loop
level, thanks to the increased precision reached by the
experiment and the successive refinements in its compu-
tation. Actually, its most recent measurement [2–5] has
reached a precision that is enough to contribute promi-
nently in the search for new physics in the intensity fron-
tier, and to constraint tightly new-physics scenarios. Par-
ticularly interesting is the current ∼ 4σ discrepancy with
respect to the SM prediction, [6–9],1 that has triggered
two new different experiments aiming to improve the cur-
rent experimental accuracy: one at Fermilab [18], whose
first run results are about to be released, and one at J-
PARC [19], that together will unveil the nature of the
current anomaly at a new level of precision. This how-
ever necessitates a precise theoretical prediction for aµ,
which bottleneck are the hadronic uncertainties, domi-
nated by the hadronic vacuum polarization (HVP) and
the hadronic light-by-light (HLbL) contributions. For
that reason, in the recent years there has been a collec-
tive effort in the theory community to improve previous
estimates for both hadronic contributions. With the in-
creased accuracy that has been achieved for the HVP [6–
8] and foreseen improvements in e+e− → hadrons cross
section measurements,2 it is mandatory to ameliorate the
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1 It benefits from the extreme precision reached in QED [10–12],
EW [13–15] and subleading hadronic corrections [16, 17], as well.
2 The MUonE Collaboration [20] follows a different approach to
determine this contribution, based on evaluating the effective
precision of previous estimates for the HLbL contribution
(see e.g., Refs. [28–37]). Such an effort has been under-
taken by several groups [38–60] and the situation is en-
couraging, with additional promising results from lattice
QCD as well [61–64]. In particular, the contributions
that have been thought to play the dominant role, the
pseudoscalar poles, have been computed to an accuracy
that is enough for the new experiments [51–53, 56, 65].
In addition, subleading contributions, such as π+π− ex-
change have been calculated to an extraordinary preci-
sion as well [48, 49]. Still, to our point of view, one of
the main venues to be addressed is the high-energy be-
havior exhibited by the HLbL tensor, that might induce
a non-negligible contribution as first discussed by Mel-
nikov and Vainshtein (MV) in Ref. [66]. The situation
at the moment was confusing, with different viewpoints
and solutions proposed in Refs. [66–69]. It is the main
purpose of this letter to discuss this situation and to shed
light on the different caveats in previous approaches.3
The article is organized as follows: in Section II, we
introduce the main definitions and the short-distance
limit of relevance to our discussion; in Section III,
we consider the pseudoscalar-pole contribution to the
HLbL tensor, and review the apparent difficulties to
fulfill the anomaly with pseudoscalar poles. We then
put forward in Section IV that satisfying the anomaly
result necessarily requires to consider the transverse
degrees of freedom of the 〈V V A〉 Green’s function, that
can be encapsulated in a subtraction term, deriving
as well interesting properties that shall be of general
concern for computations in different frameworks. This
motivates us to study the corresponding axial-vector
electromagnetic coupling in the space-like region extracted from
Bhabha scattering data [21]. Remarkable advances have also
been achieved in lattice QCD computations [22–27] of this HVP
leading order piece of aµ.
3 See, after our conclusions in Sect. VI, the ’Note added’ on the re-
cent manuscript by M. Knecht along the lines discussed here [70]
that appeared just before we uploaded our pre-print.
2contribution in Section V from a different viewpoint,
where we give a prescription for its computation that
isolates the pole part and expresses the remainder
as a subtraction term in the dispersive language; the
latter shall be tied to the anomaly and is one of the
main results of our work. While we do not put a new
model on the table, we hope this new perspective and
decomposition might be a fruitful venue to explore
in the future and be of general interest in future
computations. In Section VI, we summarize and state
our conclusions, giving an outlook on possible future
developments. In Appendix A, we show the realiza-
tion of some of our results in Chiral Perturbation Theory.
II. MAIN DEFINITIONS
The relevant object for computing the HLbL contri-
bution to the anomalous magnetic moment of the muon,
aHLbLµ , is the HLbL Green’s function, defined as
4
Πµνλσ(q1, q2, q3) =
∫
d4xd4yd4zei(q1·x+q2·y+q3·z)
× 〈0|T {jµ(x)jν(y)jλ(z)jσ(0)} |0〉 , (1)
with jµ = q¯γµQq, Q = diag(2/3,−1/3,−1/3) the charge
operator and q = (u, d, s)T . This defines q1,2,3 momenta
outgoing, while it is customary to take q4 = q1 + q2 + q3
incoming. With these conventions, its contribution to aµ
can be readily evaluated using the method outlined in
Ref. [9].
While obtaining an expression for the HLbL tensor
valid at any energy scale is a daunting enterprise, its
contribution to aµ is known to be dominated by the low-
energy regime that, if still challenging, reduces the prob-
lem. Indeed, it has been known for a long time that,
based on the chiral and large-Nc expansions [71], the
HLbL is ruled at low energies by the pseudoscalar-poles
contribution and the charged pseudoscalar loops [28–30,
72–78]; numerically, the first one dominates. While these
contributions have been determined precisely enough, the
role of high energies, where single meson contributions
cannot accommodate the high-energy behavior dictated
by short-distance QCD, seems to be substantial to the
sought level of precision that is required [66–69].5
In particular, we shall focus here on the high-energy
behavior first derived by MV in Ref. [66] with the spirit
of estimating the impact of the high-energy tail contribu-
4 Note that this differs from that in [69] by a factor i and momen-
tum flow, but agrees with the definition in [9, 51, 55].
5 In fact, a non-negligible contribution was suggested by dressed
quark loop contributions in the early estimates [1, 29, 30, 32],
that helped reproducing the QCD short-distance constraints.
tion to aHLbLµ .
6 This concerns the mixed region in which
q21 ∼ q
2
2 ≫ q
2
12,3,4, and can be derived on the basis of
the operator product expansion (OPE). For definiteness,
we introduce qˆ ≡ (q1 − q2)/2 ≡ q¯12/2 = O(λ), while
(q1 + q2) ≡ q12 = O(1), with λ → ∞. Using the OPE
result for the time-ordered product of two vector cur-
rents [66],7∫
d4xd4yei(q1·x+q2·y)T {jµ(x)jν(y)} =
−2
λqˆ2
ǫµναqˆ
∫
d4zeiq12·zj5α(z) +O(λ
−2), (2)
with jµ5 = q¯γ
µγ5Q2q, ǫµνρqi ≡ ǫµνραqiα, and ǫ
0123 =
1,8 one can infer the corresponding short-distance QCD
behavior, to O(λ−1), for the HLbL tensor
ΠµνλσOPE (q1, q2, q3) =
2iǫµναqˆ
λqˆ2
×i
∫
d4zd4wei(q12·w+q3·z) 〈0|T {j5α(w)j
λ(z)jσ(0)} |0〉 .
(3)
This can be further expressed in terms of the 〈V V A〉
Green’s function defined as [31, 80]
i
∫
d4xd4yei(q1·x+q2·y) 〈0|T {V aµ (x)V
b
ν (y)A
c
ρ(0)} |0〉
≡ Wabcµνρ(q1, q2) =Wµνρ(q1, q2) tr(t
c{ta, tb}), (4)
where V aµ = q¯γµt
aq, Aaµ = q¯γµγ
5taq and ta = λa/2, with
λa the Gell-Mann matrices, allowing to recast Eq. (3) as
ΠµνλσOPE (q1, q2, q3) =
4i
λqˆ2
tr(Q4)ǫµναqˆWλσα(q3,−q4), (5)
that we shall refer in the following as the “OPE con-
straint”. Alternatively, performing the axial current
isospin decomposition either in the singlet-octet or quark-
flavor basis (j5µ =
∑
caA
a
µ with ca = tr[λ
aQ2]), the
equation above can be expressed as
ΠµνλσOPE =
2iǫµναqˆ
9λqˆ2
(
Wλσ(3)α +
1
3
Wλσ(8)α +
8
3
Wλσ(0)α
)
=
2iǫµναqˆ
9λqˆ2
(
Wλσ(3)α +
25
9
Wλσ(q)α +
2
9
Wλσ(s)α
)
≡
∑
a
ΠµνλσOPE(a). (6)
6 A different limit that also appears in the aHLbLµ evaluation but
we will not discuss, is the one where the three virtual photons
share a large q2 value. This was recently studied in Ref. [79],
finding that it was dominated by the quark loop, as anticipated
in [66].
7 We emphasize that OPE results derived in the following hold
only in the space-like region qˆ2 < 0.
8 This differs from the conventions in [31, 66, 80], but agrees with
[68, 69].
3The key observation by MV is that, in the chiral (and
large-Nc for the singlet current) limit, the longitudinal
part is known exactly. Particularly, expressing [31, 80]
Wµνρ(q1, q2) =
−ǫ0123
8π2
[
− ǫµνq1q2q12ρwL
+ t(+)µνρw
(+)
T + t
(−)
µνρw
(−)
T + t˜
(−)
µνρw˜
(−)
T
]
, (7)
where the above form factors have an implicit dependence
on momentum wL,T ≡ wL,T (q
2
1 , q
2
2 , q
2
12), and with tensor
structures above defined as (q¯12 ≡ q1 − q2) [31, 80]
t(+)µνρ = ǫ
q1q2µρqν1 + ǫ
q2q1νρqµ2 − (q1 · q2)ǫ
µνρq¯12
+
q21 + q
2
2 − q
2
12
q212
ǫµνq1q2qρ12, (8)
t(−)µνρ = ǫ
µνq1q2
[
q¯ρ12 −
q21 − q
2
2
q212
qρ12
]
, (9)
t˜(−)µνρ = ǫ
q1q2µρqν1 − ǫ
q2q1νρqµ2 − (q1 · q2)ǫ
µνρq12 , (10)
one finds the exact result9
wL = 2Ncq
−2
12 , (11)
a constraint that must be satisfied for any value of
q212,3,4 ≪ qˆ
2.
As we shall see in the following section, if the HLbL
description includes only the pseudoscalar poles, the q2-
dependence of the pseudoscalar transition form factor ap-
pears to contradict the anomaly result in Eq. (11) [81–83].
This is the conundrum that prompted a variety of mod-
els to amend this [66–69]. However, as we will discuss in
Section IV, this situation arises when neglecting trans-
verse degrees of freedom that, contrary to expectations,
must play the main role in enforcing the anomaly result
Eq. (11).
III. THE PARTIAL PICTURE: THE ROLE OF
PSEUDOSCALAR POLES
We introduce the pseudoscalar transition form factors
i
∫
d4xeiq1·x 〈0|T {jµ(x)jν (0)} |P (q12)〉
= ǫµνq1q2FPγγ(q
2
1 , q
2
2), (12)
which high-energy behavior can also be derived by means
of the OPE, Eq. (2),
lim
q2→∞
FPγγ(q
2, q2) = −
1
qˆ2
∑
a
2F aP tr(λ
aQ2), (13)
9 Note the opposite sign with respect to [31, 66, 80] due to their
ǫ0123 = 1 convention. Ours is analogous to [69].
where 〈0|Aaµ |P (q)〉 = iqµF
a
P . Further, in the chiral limit,
the normalization for real photons is fixed as well. Par-
ticularly [81–83],
∑
P
F aPFPγγ(0, 0) =
Nc
4π2
tr(λaQ2). (14)
With these definitions, the pseudoscalar-pole contribu-
tions to the HLbL, that provides the bulk of aHLbLµ , reads
Πµνλσ(q1, q2, q3) =
−iǫµνq1q2ǫλσq3(−q4)
q212 −m
2
P
× FPγγ(q
2
1 , q
2
2)FPγγ(q
2
3 , q
2
4) + (t, u), (15)
where the last term stands for the t and u chan-
nel contributions. Let us now scrutinize its behav-
ior at the energy regime relevant to the OPE con-
straint, Eq. (5). Specializing to the π0 case and defining
F˜Pγγ(q
2
3 , q
2
4) ≡ FPγγ(q
2
3 , q
2
4)/FPγγ(0, 0), together with
Eq. (13) and Eq. (14), the π0 pole behaves as
ΠµνλσOPE (q1, q2, q3) =
iǫµνq1q2ǫλσq3(−q4)
6π2qˆ2(q212 −m
2
π)
F˜πγγ(q
2
3 , q
2
4), (16)
where the chiral limit is finally obtained by taking m2π →
0. This shall be compared to the OPE constraint for the
isotriplet wL component in Eqs. (5) and (6). Using that
in the chiral limit wL = 2Ncq
−2
12 , such constraint reads
lim
w
(±)
T
,w˜
(−)
T
→0
ΠµνλσOPE(3)(q1, q2, q3) =
iǫµνq1q2ǫλσq3(−q4)
6π2qˆ2q212
.
(17)
Thereby, it seems that the q2-dependence of the transi-
tion form factor in Eq. (16) is in contradiction with the
OPE constraints posed by Eq. (17). Note however that
such an apparent contradiction arises only under the as-
sumption that Goldstone bosons are the only contribu-
tion to wL in the chiral limit in Eq. (11)—a key point that
we shall discuss in Section IV. Stated differently, it as-
sumes that, in the chiral limit, only the Goldstone-bosons
pole contributions survive in qρ12Wµνρ. This led MV to
suggest a model where the form factor including the real
external photon is taken constant [F˜πγγ(q
2
3 , q
2
4) = 1 in
Eq. (16)]. This is nevertheless in contradiction with the
analytical properties, that require the residue of the pole
at q212 → 0 for the full HLbL tensor to contain the physi-
cal Goldstone bosons’ transition form factors [28, 44]. An
alternative approach was proposed in [67] replacing the
Goldstone bosons’ form factors by an “off-shell” one that,
while preserving the expected analytic properties from
the pion-pole contribution, could only accommodate the
anomaly asymptotically. More recently, Refs. [68, 69]
built a model containing a whole tower of heavy pseu-
doscalar resonances to the (pseudo)Goldstone poles. This
fulfills the anomaly result, but only asymptotically and
away from the chiral limit.
All these caveats, that we shall discuss in Section IV
in detail, suggest that previous approaches are missing a
4part of the full picture. In the following, we argue that
such a piece corresponds to a contribution that—while
lacking a massless pole—contributes to qρ12W
µνρ 6= 0
in the q212 → 0 limit, and that is deeply related to the
transverse contributions ignored so far up to this point.
IV. THE FULL PICTURE: INCLUDING
TRANSVERSE DEGREES OF FREEDOM
From the tensor decomposition in Eqs. (7) to (10), we
see that the t
(±)
µνρ structures are singular as q212 → 0. Par-
ticularly, their singular part reads
lim
q212→0
wL→0
Wµνρ(q1, q2) = lim
q212→0
−ǫµνq1q2qρ12
8π2
[q21 + q22
q212
w
(+)
T
−
q21 − q
2
2
q212
w
(−)
T
]
+O(q012) , (18)
that, in order not to exhibit an unphysical mass-
less pole, must have a counterpart in wL –thus can-
celling the apparent pole– that shall be exclusive to
the Goldstone bosons’ contribution to wL. Noting
limq212→0 w
(±)
T (q
2
1 , q
2
2 , q
2
12) ≡ w
(±)
T0 , that we shall refer to
as “the subtraction” and w
(±)
TS = w
(±)
T − w
(±)
T0 , that we
shall refer as the “subtracted part”, we rephrase
w
(±)
T = w
(±)
TS + w
(±)
T0 , w˜
(−)
T = w˜
(−)
T . (19)
As we just said, the lack of massless poles requires a
counterpart in wL. We note this term ∆wL that, in order
to cancel the pole, should read
∆wL =
q21 + q
2
2
q212
w
(+)
T0 −
q21 − q
2
2
q212
w
(−)
T0 . (20)
Including explicitly such contribution in Eq. (7), together
with the pseudoscalar pole one [66], we can parametrize
the 〈V V A〉 Green’s function in Eq. (7) in the chiral limit
as10
Wµνρ(q1, q2) =
−1
8π2
[
− ǫµνq1q2q12ρ
(
2NcF˜Pγγ(q
2
1 , q
2
2)
q212 −m
2
P
+
(q21 + q
2
2)w
(+)
T0 − (q
2
1 − q
2
2)w
(−)
T0
q212
)
+ t(+)µνρ[w
(+)
TS + w
(+)
T0 ] + t
(−)
µνρ[w
(−)
TS + w
(−)
T0 ] + t˜
(−)
µνρw˜
(−)
T
]
, (21)
where mP , that is kept on purpose to clearly identify
the pseudoscalar pole, should be taken to 0 (mP → 0).
This representation explicitly shows that the only physi-
cal pole of the 〈V V A〉 Green’s function at q212 = 0 corre-
sponds to the Goldstone bosons. In turn, enforcing the
exact result wL = 2Ncq
−2
12 imposes the following con-
straint on the transverse form factors at q212 = 0
11
(q21+q
2
2)w
(+)
T0 −(q
2
1−q
2
2)w
(−)
T0 = 2Nc[1−F˜Pγγ(q
2
1 , q
2
2)].
(22)
Before continuing with our discussion, it will be interest-
ing to discuss further properties that we can derive. As
10 In principle, one may wonder about contributions to wL lacking
a pole at q212 = 0. Note however these should vanish by virtue
of the anomaly Eq. (11). In any case, expanding in q2
12
, their
discussion would parallel this one by using further subtractions.
11 This is analogous to the recent results in [70], see Eqs. (2.30) and
(2.34), in the chiral (and large-Nc) limits.
an example, we find the following sum rule
2Nc[1− F˜Pγγ(q
2
1 , q
2
2)]
=
1
π
∫
dt
Im[(q21 + q
2
2)w
(+)
T − (q
2
1 − q
2
2)w
(−)
T ]
t
, (23)
where, above, w
(±)
T ≡ w
(±)
T (q
2
1 , q
2
2 , t). Likewise, if we take
the asymptotic limit in Eq. (22),
lim
q2→0
w
(+)
T (q
2, q2, 0) =
Nc
q2
+O(q−4). (24)
It might also be interesting to consider the asymmetric
case q22 = 0,
w
(+)
T (q
2
1 , 0, 0)− w
(−)
T (q
2
1 , 0, 0) =
2Nc
q21
[1− F˜Pγγ(q
2
1 , 0)].
(25)
In the limit q21 → 0, and noting the TFF Taylor expansion
F˜Pγγ = 1 + bπq
2
1 + ..., one finds the leading term for the
Taylor expansion of w
(+)
T (q
2
1 , 0, 0)
w
(+)
T (q
2
1 , 0, 0) = −2Ncbπ +O(q
2
1), (26)
that is actually reproduced in χPT (see Appendix A),
and also in RχT (see Ref. [84]). Still in the asymmetric
5case, but in the high-energy extreme, for asymptotically
large q21 , using Eq. (14) and the Brodsky-Lepage limit
[85, 86] [essentially adding a factor 3 in Eq. (13)]
w
(+)
T (q
2
1 , 0, 0)− w
(−)
T (q
2
1 , 0, 0)
=
2Nc
q21
[
1 +
24π2F 2P
Ncq21
]
+O(q−61 ). (27)
We recall that previous results [Eq. (21) to Eq. (27)] hold
only in the chiral limit.
Pursuing our discussion, at this point it seems clear
that, in the chiral limit, transverse contributions are un-
avoidable to enforce the anomaly in the OPE constraint,
Eq. (5)—that holds for any value of q212. In the light
of these findings, we revise previous models addressing
this short-distance constraint [66–69], hoping this stim-
ulates further discussion and sheds light on the current
confusing situation.
The first model, proposed in Ref. [66], used a con-
stant for the pseudoscalar transition form factor in or-
der to fulfill the anomaly. However, it is clear that, if
the residue at q212 = 0 is taken—for the whole HLbL
tensor—only the π0 contribution should appear, with
the corresponding transition form factors; making the
situation seemingly unsatisfactory. Later on, an alter-
native approach appeared [67]. This introduces a mod-
ified TFF for the π0 that also depends on its virtual-
ity, F˜πγγ(q
2
1 , q
2
2) → F˜
mod
πγγ (q
2
1 , q
2
2 ; q
2
12), and that could be
thought of as an effective model for the HLbL containing
pieces exclusively contributing to wL.
12 The parameters
of the model can be chosen to reproduce the anomaly only
asymptotically, when limq2→∞ F˜
mod
πγγ (q
2, 0; q2) ∼ const.,
while in the chiral limit should be fulfilled for any q2i
value. This is not surprising, for the model does not
consider the necessary transverse degrees of freedom.
More recently, a new proposal appeared in Refs. [68, 69].
Again, focus is on purely longitudinal contributions to
the HLbL consisting on an infinite tower of pseudoscalar
mesons. Such model achieves, among other things,
lim
q212→∞
∑
n
Fπ(n)γγ(qˆ
2, qˆ2)Fπ(n)γγ(q
2
12, 0)
q212 −m
2
π(n)
=
−1
6π2qˆ2q212
,
(28)
that, once more, is only appropriate asymptotically and
away from the chiral limit,13 where it should hold for any
q212 value—not possible in this model. Again, the model
is missing to incorporate the corresponding transverse
contributions fulfilling Eq. (22) that would be responsible
to satisfy the anomaly for any q212 value in this limit.
While heavy pseudoscalars might play a role in the HLbL
for massive quarks, it is unlikely that transverse degrees
12 Note that exchanges of off-shell pions are model dependent.
13 Note further that, in the chiral limit, heavy pseudoscalar mesons
do not contribute since their decay constants vanish.
of freedom fade away for finite quark masses, suggesting
that a relevant piece is missing.
It is clear from the previous discussion that an ap-
proach where transverse degrees of freedom satisfy the
chiral limit relation in Eq. (22) is desirable. Indeed,
this has been achieved in holographic models including
axial-vector mesons together with the Goldstone bosons
[59, 60]. Further, we will speculate that modelling w
(±)
T0
alone might suffice to achieve a decent precision in aHLbLµ .
To that end, we find interesting to briefly discuss the role
of axial-vector mesons in the section below, that not only
helps to understand our claim, but also might provide
with a physical picture for the comments in the previous
sections.
V. INTRODUCING AXIAL-VECTOR MESONS
In order to introduce axial-vector mesons, we repro-
duce those results (when available) introduced for pseu-
doscalar mesons in Section III. We define the axial-vector
meson transition form factors
i
∫
d4xeiq1·x 〈0|T {jµ(x)jν(0)} |A(q12)〉
=MµνρA (q1, q2)εAρ, (29)
where, using the conventions in [9],14
MµνρA (q1, q2) = i
[
ǫµνq1q2qρ12CS+ǫ
µαρq1(q2αq
ν
2−g
ν
αq
2
2)B2
+ ǫναρq2 (q1αq
µ
1 − g
µ
αq
2
1)B¯2 + ǫ
µνq1q2 q¯ρ12CA
]
, (30)
with B¯2(q
2
1 , q
2
2) = B2(q
2
2 , q
2
1) and with the form factors
CS(A) (anti)symmetric in the exchange of (q1 ↔ q2). It
is useful to decompose B2 into form factors with well-
defined symmetry under (q1 ↔ q2), B2 = B2S + B2A,
while B¯2 = B2S − B2A. This allows to express Eq. (30)
as
MAµνρ = i
{
t(+)µνρ(−B2S) + t
(−)
µνρ(CA −B2A) + t˜
(−)
µνρ(B2A)
−ǫµνq1q2q12ρ[−CS−
q21 + q
2
2
q212
B2S−
q21 − q
2
2
q212
(CA−B2A)]
}
.
(31)
Note that the last (longitudinal) term, is nothing but
qρ12M
A
µνρq
−2
12 . The previous basis separates the longitu-
dinal from the transverse part at the price of introducing
14 The CS form factor is unphysical since q12 ·εA(q12) = 0, but was
kept in Ref. [9] as it appears in RχT and because it is necessary
off-shell to keep results basis-independent (unless q12 ρMµνρA =
0); see the discussion of Sect. II A from Ref. [9]. Further, in this
way Eq. (29) may serve as a basis for the 〈V V A〉Green’s function
that is free of kinematic singularities dropping the overall i factor.
6kinematical singularities at q212 = 0, that cancel among
tensor structures as outlined in Section IV.
Finally, it will be useful to quote the analogous of
Eq. (13) for the case of axial form factors above [9]15
lim
qˆ2→∞
B2S(qˆ
2, qˆ2)ερA =
1
qˆ4
〈0| jρ5 |A〉 ≡
∑
a
mAF
a
A
qˆ4
trQ2λa,
(32)
while B2A and CA are subleading in this expansion (see
also Ref. [89]). From the representation in Eq. (31),
it is clear that, whenever qρ12M
A
µνρq
−2
12 6= 0, a massless
pole contribution will arise in wL when the axial contri-
bution to either 〈V V A〉 or the HLbL Green’s function
is computed. These are nevertheless cancelled by the
corresponding term in the transverse structure, as ex-
plained. Particularly, their contribution to the 〈V V A〉
Green’s function, decomposing into isospin channels as
in Eq. (6), reads
Waµνρ =
∑
A,pol.
[
i
∫
d4x 〈0|T {jµ(x)jν(0)} |A(q12)〉
]
×
i
q212 −m
2
A
〈A(q12)|A
a
ρ |0〉
= −i
∑
A,pol.
MAµντmAF
a
A
ετAε
∗
Aρ
q212 −m
2
A
. (33)
Noting the axial propagator
Dαβ(q212) ≡
∑
pol ε
αεβ∗
q212 −m
2
A
= −
gαβ −
qα12q
β
12
m2
A
q212 −m
2
A
, (34)
we find easily the individual axial-vector mesons’ contri-
bution to the different form factors in W
(a)
µνρ, Eq. (31):
{w
(+)
T , w
(−)
T , w˜
(−)
T } =
{B2S , B2A − C2A,−B2A}
q212 −m
2
A
mAF
a
A,
wL = [CS +
q21 + q
2
2
q212
B2S +
q21 − q
2
2
q212
(B2A − CA)]
×
[
1−
q212
m2A
]
mAF
a
A
q212 −m
2
A
. (35)
Clearly, axial-vector mesons induce a nonvanishing wL
contribution. Further, such a contribution lacks an axial-
vector meson pole due to the [1 − q212m
−2
A ] = [m
2
A −
q212]m
−2
A term in the last line and apparently contains
massless poles. This is exactly the contribution that we
dubbed ∆wL in Eq. (20) that, as we showed, does not
correspond to a pole of the full 〈V V A〉 Green’s function.
15 We employ 〈0|Aaµ |A(q)〉 ≡ FAmAεAµ, with nonvanishing F qf1 ∼
F s
f ′1
∼ F 3a1 ∼
√
2F ∼ 130 MeV [87, 88]. Note that, on-shell, CS
does not contribute, for ǫµνq1q2CA[q12 · εA(q12)] = 0. The OPE
cannot be used to set constraints on this unphysical TFF.
This is again apparent due to the chosen parametriza-
tion in Eq. (31). That such a pole cannot appear is ob-
vious from Eqs. (31) and (34); it is just a consequence of
q12ρM
µνρ
A 6= 0. Note also that different basis related via
Schouten identities, but disregarding CS , would produce
differing results [9]. This merely shows the difficulties of
going off-shell with axial-vector mesons, for they do not
couple to a conserved current.16
However, according to the discussion in Section IV,
such ambiguities are tied to fulfill the anomaly result in
the chiral limit. To show this, let us express the propa-
gator in the following form
Dαβ(q2) = −
q2gαβ − qαqβ
m2A(q
2 −m2A)
+
gαβ
m2A
≡ D¯αβ(q)+
gαβ
m2A
,
(36)
where it is evident that D¯αβ(q) plays the role of a sub-
tracted propagator, for it provides the desired axial-
vector mesons’ contribution to the subtracted transverse
form factors w
(±)
TS in Eq. (21) that, in addition, will al-
ways contain an axial pole. We stress that D¯αβ(q) never
contribute to wL. The additional term ∝ g
αβ can be
thought of as a contact term, lacking any q212 dependence,
and provides the sought subtraction, w
(±)
T0 . In the light of
Eq. (22), such contribution cannot be arbitrary as they
are bound to fulfill the anomaly that, in a nutshell, would
fix any kind of ambiguity in axial-vector mesons’ contri-
butions. Note however that such constraint holds only
for the whole 〈V V A〉 Green’s function rather than for
individual channels. As such, it might be interesting to
drop the gαβ term when computing aµ, using instead a
reasonable model that fulfills Eq. (22). Still, such an ap-
proach would only prove useful provided the contribution
of this contact term to aµ is finite. To prove that and
further exemplify our comments, we focus below on the
f1, f
′
1, a1 axial-vector mesons’ contribution to the HLbL
and to aµ.
The axial-vector mesons’ contribution to the HLbL
tensor can be expressed, generically, as
Πµνλσ(q1, q2, q3) = −iM
A
µνα(q1, q2)D
αβ(q12)
×MAλσβ(q3,−q4). (37)
In the following, we shall restrict for simplicity to the
case of the B2S form factor in Eq. (30). This is, we take
B2A, CA,S = 0. The reason being that, as outlined be-
low Eq. (32), B2S is a necessary ingredient to discuss the
OPE constraints, Eq. (3); additional form factors might
complete the picture, but would not provide with fur-
ther insight. The modelling of the axial-vector meson
16 This is a potential problem in a dispersive approach, see also
Ref. [90]. As such, we hope the following results might be of
interest in order to consistently implement axial-vector mesons
in the HLbL.
7Resonance Standard Subtracted Contact
f1
4.3+1.5−1.3 −0.52
+0.19
−0.26 4.8
+1.8
−1.1
8.3+3.1−2.4 −1.3
+0.5
−0.7 9.6
+3.7
−2.3
f ′1
1.2+0.9−0.6 −0.10
+0.05
−0.11 1.3
+1.0
−0.6
2.3+1.8−1.1 −0.27
+0.14
−0.26 2.6
+2.1
−1.2
a1
2.8+4.9−2.1 −0.34
+0.27
−0.78 3.1
+5.7
−2.3
5.4+9.4−4.0 −0.85
+0.66
−1.86 6.2
+11.2
−4.6
Sum
8.3+5.2−2.5 −0.96
+0.33
−0.83 9.2
+6.1
−2.6
16.0+10.1−4.8 −2.42
+0.83
−2.00 18.4
+12.0
−5.3
TABLE I. Contributions of the lightest axial resonances to
aµ (only the B2S form factor is considered), in units of
10−11. The second column employs the standard propagator
in Eq. (34), while third and fourth stand for the decompo-
sition into subtracted propagator and contact term, respec-
tively, see Eq. (36). For each resonance we display, in the
upper(lower) row, the result using a factorized(OPE) form
factor. The errors are obtained from the mentioned inputs in
Ref. [9] and are due to their widths, Γ˜Aγγ , form factor dipole
masses ΛA, and axial-vector meson masses.
TFF is taken according to App. C of [9] (we also use
numerical input as given there), and is also compara-
ble to Ref. [40]. Our results for their contribution to
aHLbLµ are shown in Table I in units of 10
−11. In or-
der to illustrate our previous comments, we show our
results obtained when employing either the propagator
Dαβ in Eq. (36) (second column), D¯αβ (third column),
or gαβm−2A (fourth column) where, by construction, the
third and fourth column add-up to the second one. In
addition to the first row, where we use a factorized form
factor [(Λ2A+Q
2
1)(Λ
2
A+Q
2
2)]
−2, as in Ref. [9], we include
a second one with the results obtained employing a form
factor behaving as (Λ2A+Q
2
1+Q
2
2)
−2. This is indeed nec-
essary to fulfill the OPE behavior in Eq. (32), providing
thus a more realistic description and that we shall refer
to as the OPE form factor.
In the following, we comment some relevant results:
first, employing a form factor with a realistic high-
energy behavior is mandatory, for it doubles the result
with respect to the factorized one; second, more precise
data would be desirable; third, the sum of the lightest
axial-vector meson multiplet (OPE form factor case),
(16.0+10.1−4.8 ) × 10
−11, is in agreement within (our very
large) errors with those obtained by the holographic ap-
proaches [59, 60], that are larger than other estimates
but satisfy the OPE constraint derived by MV [66].
We should point out that this is not our main result.
The remarkable observation here is that the fourth col-
umn in Table I, that –back to our previous discussion–
provides a contribution to the subtraction or contact
term, provides the bulk of the contribution. This piece,
as explained, is ill-defined and might contain additional
contributions depending on the chosen model that, how-
ever, must together conspire to satisfy the anomaly in
the chiral limit. We suggest as a possible venue to take
such a contact term from a reasonable model—a chal-
lenging task that we leave for further work. We note
that particular realizations of such a mechanism have
been put forward resumming an infinite tower of axial
mesons using holographic QCD in Refs. [59, 60]. Our
proposed method would also overcome the difficulties of
dealing with axial-vector mesons, that would only ap-
pear via the D¯αβ propagator, thus always producing a
contribution with an axial pole. Further, we find that
such a contribution would allow to reduce the numerical
impact from axial-vector mesons, as can be seen in the
third column from Table I, that would help in reducing
errors significantly. As a further comment, the similarity
of these numbers to the results in App. C from Ref. [9] is
by no means a surprise, for RχT form factors are trans-
verse. In summary, our proposal would be to transfer all
the complexity of the problem to a single contact term, a
viewpoint that deserves further study and we hope that
might be useful for the community. Such an approach
would be useless however if such a contribution does not
provide a convergent result to aµ. To check that, we re-
cycled our model for axial-vector contributions above, to
one where the external B2S(q
2, 0) transition form factor
behaves as q−2, that is required by Eq. (24). We found
that it provides with a finite contribution, a result that
remains unchanged if one accounts for the missing B2A,
CA form factors at the external vertex.
VI. COMMENTS AND OUTLOOK
In this letter, we have reviewed the OPE constraint
derived in Ref. [66], that relates the HLbL tensor in a
particular kinematical limit to the 〈V V A〉 Green’s func-
tion. For that purpose, we have derived some general
properties for the 〈V V A〉 correlator that shall be of gen-
eral interest. Particularly, we have found that, para-
doxically, fulfilling the anomaly necessarily involves the
role of transverse degrees of freedom, whose main effect
might be encapsulated in a subtraction. In the light of
these results, we have reviewed the models proposed in
Refs. [66, 68, 69], pointing to the necessity of additional
transverse degrees of freedom to satisfy the consequences
of the anomaly in the chiral limit.
This viewpoint is suggestive of a different approach
in modelling HLbL pieces that contribute to the OPE
constraints here discussed. In particular, it affects those
contributing to the transverse part of the 〈V V A〉 Green’s
function that, we suggest, might be evaluated in a sub-
tracted fashion. This helps reducing the errors as well as
ill-defined non-pole contributions in the axial-vector me-
son case. The remainder subtraction might be supplied
with a plausible model fulfilling the anomaly. While we
don’t provide with a particular realization, that we leave
for a future work, we believe these results might be of
general interest and we hope they stimulate further work.
Note as well that particular examples that would achieve
8such a realization have recently been put forward in holo-
graphic models [59, 60].
In the future, it would be interesting to study further
implications related to the well-known high-energy be-
havior of the 〈V V A〉 Green’s function [80].
Note added : While this manuscript was being com-
pleted, Ref. [70] appeared reaching the same conclusions
on the different implementation of the MV short-distance
constraint [66] by them [66, 90] and in the dispersive ap-
proach by Colangelo et al. [68, 69]. Still, our discussion
on transverse degrees of freedom is novel and shall be
of general concern. We also explain the role that axial-
vector exchanges could play in fulfilling this asymptotic
limit, in line with the holographic approaches [59, 60].
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Appendix A: 〈VVA〉 in χPT
Within χPT, one can compute the 〈V V A〉 function.
Taking the leading terms in the combined chiral and
large-Nc expansion from the Lagrangian in [91–93], one
obtains
W(a)µνρ = −
2Nc
8π2
{
− ǫµνq1q2q12ρ
[512π2L6,ǫ19
Nc
q21 + q
2
2
q212
+
∑
P
(caP )
2
q212 −m
2
P
[1−
512π2L6,ǫ19
Nc
(q21 + q
2
2)−
1024π2L6,ǫ8
Nc
caM +Λ3c
a
Λ]
]
+ t(+)µνρ
512π2L6,ǫ19
Nc
}
, (A1)
where we introduced
c3M = c
q
M = m
2
π, c
s
M = 2m
2
K −m
2
π, (A2)
c8M =
7m2π − 4m
2
K
3
, c0M =
2m2π +m
2
K
3
, (A3)
caΛ = δ
a0 =
4
5
δaq + 2δas, (A4)
either in the quark-flavor or singlet-octet basis, together
with the mixing angles at LO,
c3π = 1, c
q
η = c
s
η′ = cosφ, c
s
η = −c
q
η′ = − sinφ, (A5)
c8η = c
0
η′ = cos θ, c
0
η = −c
8
η′ = − sin θ. (A6)
Note that, in the notation from Ref. [92], −1024π2N−1c =
K2. Also, we can compare to the basis in Ref. [94] em-
ploying CW22 = −8L
6,ǫ
19 and C
W
7 = 4L
6,ǫ
8 (note that C
W
8 ,
related to L6,ǫ9 , contains a double trace and is thereby
subleading in the Nc expansion and omitted here).
17 The
identification of the 〈V V A〉 form factors is straightfor-
ward, particularly, we find that w−T = w˜
−
T = 0, while
w
(+)
T = 1024π
2ǫ0123L6,ǫ19 = −128π
2ǫ0123CW22 , in good
agreement with Ref. [80] once we account for the differ-
ent convention for the antisymmetric tensor. From the
decomposition above it is clear that, in the chiral limit,
the identification in Eq. (22) is correct while, away from
the chiral limit, quark-mass effects modify in a different
manner FPγγ(0, 0) with respect to w
(±)
T (0, 0, 0).
17 In the lightest pseudoscalar pole contributions to aµ, it was
shown [54], within RχT [95] and including chiral symmetry breaking O(m2P ) corrections over Ref. [36], that CW7,8,22 are satu-
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